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It is shown that Adam’s conjecture is true for the following graphs: (1) non- 
directed cubic Cayley graphs; (2) nondirected quartic Cayley graphs with prime 
power vertices whose connection sets consist of units of congruence classes 
module the number of vertices. 
1. INTRODUCTION 
Let 2 be the set of integers. Let Z/nZ be the set of the congruence classes 
modulo II. We construct a graph G with n vertices as follows. First we label 
the vertices of G with the members of ZlnZ, 1,2,..., n. Let H be a subset of 
the vertex set V of G. Without losing much rigorousness we can say 
V = Z/nZ and H C ZlnZ. We define the set E of the edges of G as E = 
{[i, i + h]: i E V, h E H}, where the addition is mod n and [i, i + h] is a 
directed edge from vertex i to vertex i + h. The set His called the connection 
set of G [2]. The graph G is called a CayZey graph. Elspas and Turner call 
this type of graph “graphs with circulant adjacency matrices” [2]. Turner 
calls a nondirected graph a “starred polygon” [3]. On this type of graph 
Adam first made the following conjectures [I]. Let HI and Hz be the con- 
nection sets of Cayley graphs G, and Gz , respectively. HI and Hz are said to be 
equivalent if there is a unit u of Z/nZ such that HI = uH, , where uH, = 
(uh: h E Hz}. Then G, and G, are isomorphic iff HI and Hz are equivalent. 
To the “only if” part of this conjecture Elspas and Turner produced several 
counterexamples [2]. Further, they showed that Adam’s conjecture is true 
for graphs with a prime number of vertices and for graphs with nonrepeated 
eigenvalues. There is also a work by Djokovic [4] on this subject. 
In this paper we completely determine the relation between connection sets 
and isomorphisms for nondirected cubic Cayley graphs. We also propose 
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the following conjecture, and prove it for nondirected quartic Cayley graphs 
with prime power vertices. 
Conjecture. Adam’s conjecture is true if the connection set of graph 
consists of units of Z/nZ. 
2. NONDIRECTED QUARTIC CAYLEY GRAPHS 
In a Cayley graph G, if we ignore the direction of edges and remove all 
but one edge from each set of parallel edges we have a simple nondirected 
graph. Throughout this communication we call such a graph a Cuyfey graph. 
Also, we use CJ, to denote a multiplicative group of units of ZjnZ. 
In this section we shall prove the conjecture for quartic Cayley graphs 
with prime power vertices. First some useful well-known results are listed 
as lemmas. 
LEMMA 1. Let n = pf1pi2 ..’ PET, where the pi’s are distinct primes. Let b, 
be the Euler 4 function. Then 
+04 = ‘7 n [1 - U/PA1 and I upz I = +(n>. 
i=l 
LEMMA 2. Let n = pa, wherep is a prime and a is a positive integer. Then 
the nth cyclotomic polynomial G,(x) is 
Gj,(*) = *pQ-%-1) + X”~-‘(p-2) + . . . + xPa--l + 1. 
Note that 4(n) = pa-l(p - 1) ifn = pa. 
LEMMA 3. Let w be a primitive nth root of unity. Then 1, w, w2,..., w*(+l 
are linearly independent over the rationals. 
From Lemma 2, Lemma 4 follows. 
LEMMA 4. Let n = pa. Let w be a primitive nth root of unity. If 4(n) < 
m < n, then 
oyn = -(Wm--9=-’ + Wm--2P=-~ + . . . + ,m-mo) 
and 
0 < m - ipa-l < +(n), i = 1, 2 ,..., p - 1. 
From Lemmas 3 and 4 we see that wm. is the sum of p - 1 linearly inde- 
pendent powers of w  if 4(n) < m < n. The sum form of w” in Lemma 4 
will hereafter be called the representation of w”. 
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Remark 1. If ml # m2 and 4(n) < ml , m2 < n, then the representations 0-l 
of wnLl and UJ% do not have any terms in common; i.e., w”‘v~ f W~nhn-jP”-’ 
foranyiand,j, 1 <i,j<p-1. 
Remark 2. If n = pa, then min{m, n - m} < d(n), for 0 < m < n. 
LEMMA 5. Let n = pa, where n > 4. If m E U, and n - m > $(n) then 
the representation of w”-~ does not contain --w”“. 
ProoJ Suppose the lemma were not true. Then there would be an i, 
1 cc i zg p - 1 such that w” = ~n-m---i~‘~‘. Hence m = n - m + ipa- 
mod II or 2m = ipa-l mod n. Since m E U, , (m, p”-‘) = 1, where (m, pa-l) 
is the greatest common divisor of m and pa-l. Hence either pa-l = 2 or 
pa-l== l,andeithera=lorp=2anda=2.Butn>4,hencea= 1. 
But then U, = ZjnZ, hence d(n) .= n. Hence m = n mod n. This is a contra- 
diction, since nf E (I, . 
LEMMA 6 [2]. Let A = [aij] be an adjacency matrix of a graph G. If G 
is CayleJJ with connection set H then A is circulant and eigennralues of A are 
given b> 
lcshere k = I, 2 ,..., 17, 
and w is a primitiae nth root of unity. Furthermore ali = I if i E Hand ali = 0 
ifi+ H. 
The following theorems are the main results of this note. 
THEOREM 1. Let 11 = pa, where p is a prime. Let HI and H, be the con- 
nection sets of quartic Cayley graphs G, and G, , respecticely. Let Q and /$ 
be eigenralues of adjacency matrices of G, and G, , where I, k = 1, 2,..., n. 
lf (i) HI , Hz C U, , (ii) HI and Hz are not equivalent, (iii) c+ = pl, and 
(iv) k E lJ, . then I$ U, . 
Proc$ Without loss of generality we can assume that 
H,=(l,h,,n-hh,,n-11 and Ho = {I, h, , n - h, , n - l}. 
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According to the magnitudes of exponents of w in 0~~ and fll there are 
seven cases to be considered: 
(1) All exponents in olli and /31 are less than +@I). 
(2) All exponents in 01~ and three exponents in flI are less than d(n). 
(3) All exponents in elk and two exponents in fll are less than 4(n). 
(4) Three exponents in CQ. and two exponents in /31 are less than &I). 
(5) Three exponents in ollc and three exponents in /31 are less than 4(n). 
(6) Two exponents in ollc and two exponents in & are less than 4(n). 
(7) Interchange CQ and p1 in (2), (3), and (4). 
Note that at least two exponents in ak (or /3J are less than 4(n) by Remark 2. 
We shall prove the theorem for each of the above seven cases, in numerical 
order. 
Case 1. In this case all powers of w in 01~ and & are linearly independent 
over the rationals. Hence if CX~ = fil, then CIJ~ = mn*l and W% = c#*% or 
& = w %*lhz and uLhl = UP&-~. Hence k = n $ I and kh, = n & Ih, mod n, 
or k = n + Ih, and kh, = n + I mod n. Hence k(h, f h,) = 0 mod n, or 
k(hlh, + 1) = 0 mod n. But k E U, . Hence h, f h, = 0 or h,h, C 1 = 0 
mod n. This obviously contradicts hypothesis (ii) of the theorem, and so this 
case does not happen. 
Cases 2 and 3. In these cases all four powers of w in (Ye have positive 
coefficients, while at most three powers of w in fiz have positive coefficients. 
Since all powers of w in 01~ and fll are linearly independent over the rationals, 
elk # p2 . Hence these cases do not happen either. 
Case 4. Let us assume without loss of generality that n - kh, 2 $(n), 
IZ - I 2 4(n), and n - Ih, 3 d(n). Then 
and 
All powers of w in the above c+ and /z?~ are linearly independent over the 
rationals. But some of the positive terms may be canceled by negative terms. 
Let the number of cancellations in CQ and b1 be n, and ns , respectively. Then 
by comparing the numbers of noncanceling positive terms in 01~ and in /& 
we see n, = n, + 1. Similarly by comparing the numbers of noncanceling 
negative terms we have p - 1 - n, = 2( p - 1) - nB . From these two 
relations p = 0. Thus this case is impossible. 
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Case 5. There are four possibilities to be considered, depending on the 
number of cancellations in 01~ and p1 . 
(a) At most one positive term of q@J is canceled by a negative term. 
(b) Two positive terms of all are canceled by negative terms. 
(c) All three positive terms of CY&$) are canceled by negative terms, 
but a6 i 0. 
(4 NJ; = 0. 
Note that the same number of cancellations must occur in CY~ and fit . 
In case (a) let ~“1 and 0~2 be two noncanceling positive terms in 0~~ (or 83. 
Then by Lemma 5 m, # n - m2 mod n. Hence this case reduces to case 1. 
In case (b) let us assume without loss of generality that 
If two positive terms of ak are canceled by 6.Fkhl then by Lemma 5 they 
must be Wk and ,.,,n-k. Hence & = W”-khlfix+-l and ‘,y-k = gn-kk,+Of-’ 
for some i and j, i # j, 1 < i, j < p - 1. Hence wli = w~-~+~~‘-‘, where 
m = i -j. Let us assume without loss of generality that m > 0. Then 
1 <m < p - 1. According to Lemma 5, however, this cannot happen if 
k E Un . Cases (c) and (d) cannot happen either according to Lemma 5, 
hence case 5 cannot happen. 
Case 6. There are four possibilities to be considered, depending on the 
number of cancellations in 01~ and /3z (note that the number of cancellations 
must be the same for elk and /$): 
(a) No cancellations in OLD. 
(b) One cancellation in ak(pl). 
(c) Two cancellations in (Y&$) but cfk # 0. 
(4 o(k = 0. 
Case (a) reduces to Case 5(a). 
In case (b) let 
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and 
P-l D-l 
pl = ml + Wlhz _ 1 W~‘-lkz+iP-’ _ 2 Wn-lti~“-‘. 
i=l i-1 
Let We and w1 be the noncanceling positive term in 01~ and fil , respectively. 
Then gk = wz. Hence k = 1 mod n. 
Since gPhl is canceled by a negative term of the representation of w?“-~. 
all negative terms of the representation of w?~P~~‘I remain in o(~ . It is similar 
for a~‘~-~~%. Hence d-J4 = w +lhl by Remark 1. Hence kh, = Ih, mod n. 
Hence k(h, - h,) = 0 mod n. But if k E U, then h, - h, = 0 mod n, and 
this is a contradiction. Other possibilities also produce contradictions. 
In case (c) obviously p # 2 and some negative terms remain in Q (/II). 
Hence by comparing the remaining negative terms of elk and fil , and by 
considering Remark 1 if k E CJ, , this case does not occur. 
In case (d) obviously p = 2. Hence according to Lemma 5 either 
w” z -(JJ MI, and W?wzkl = -W?c-k or a6 = -W-“khI and w”-k = FWh’hl. 
Hence k = (n/2) & kh, mod n. Hence (h, + 1)k = (n/2) mod n. If k E U, , 
then h, $ 1 = (n/2) mod n. Similarly, if I E U, then hz + 1 = (n/2) mod n. 
Hence combining the two relations we have h, & h, = 0 mod n. Hence 
HI = H, , This is a contradiction. Hence if k E U, then I $ U, . 
Case 7. From the proofs of Cases 2, 3, and 4 obviously this case does 
not occur. 
Thus the theorem is proven. 
THEOREM 2. Let n = pa, where p is a prime. Let HI and Hz be the 
connection sets qf quartic Cayley graphs G1 and Gz , respectively. Let H, C U/n 
and Hz C U, . 
Then G, and G, are isomorphic iff HI and Hz are equivalent. 
ProoJ The “if” part follows from the statement by Elspas and Turner [2]. 
“Only if.” We assume that HI and Hz are not equivalent and show 
that G, and G, are not isomorphic by showing that the eigenvalues of 
adjacency matrices of G, and Gz are different. 
Let No and fll be eigenvalues of adjacency matrices of G, and G, , where 
k E ZjnZ and I E ZjnZ. 
If G, and G? are isomorphic, then for any k E Z/nZ there must be I E Z/nZ 
such that 01~ = p1 . Hence 01~ = pz is a mapping of Z/nZ onto itself. But by 
Theorem 1, if k E U, then I g U,! . since HI and Hz are not equivalent. Hence 
there must be at least as many nonunits as units in Z/nZ if G, and Go are 
isomorphic. Since $(n) > n/2 if n = pa, p #= 2 and $(n) = n/2 if p = 2, the 
mapping a, 7 p( may exist only when p = 2. 
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Claim. There are no mappings elk = p, which map all units k onto 
nonunits I if n = 2a. 
Proof of the claim. Let k = n/2. Then obviously 01,,~ = -4. But if 
& = -4 then I = n/2 mod n. Hence at least one nonunit I is the image of a 
nonunit k. Since there are as many units as nonunits in Z/n2 in this case, the 
range of the mapping is smaller than its domain. Thus the theorem is proven. 
3. NONDIRECTED CUBIC CAYLEY GRAPHS 
In this section the relations between connection sets and isomorphisms 
for cubic Cayley graphs are completely determined. 
First let us note that a Cayley graph with n vertices is cubic iff its connection 
set is {h, nj2, n - h}, where h E Z/nZ and n is even. 
THEOREM 3. Let Hi = {hi , n/2, n - hi} be the connection set of Cayley 
graph G, , where i = 1, 2. 
If hi E U, , then G, and G, are isomorphic. 
Proof. If hi E U, then n - hi E U, and h;’ E (I,. Furthermore 
hil(n - hi) = n - 1 and h;l(n/2) = n/2 mod n. Hence h;‘Hi = { 1, n/2, n - I}. 
But according to Elspas and Turner [2] graphs corresponding to Hi and hi’Hi 
are isomorphic. Hence Gr and Gz are isomorphic. 
THEOREM 4. Let Hi = {hi , n/2, n - hi} be the connection set of Cayiey 
graph Gi , where i = 1. 2, 
G, and Gz are isomorphic ifs (h, , n) = (h, , n), where (hi , n) is the greatest 
common divisor of hi and n. 
ProojI Let (hi , n) = ri . Let n = miri . Then there are ri disjoint circuits 
of length mi in Gi . 
DEFINITION 1. Let u1 , u2 ,..., ut , q , o2 ,..., vt be vertices. Connect vertex 
Ui t0 Ui+l ) Vi t0 Vi+1 y and Ui to Vi by an edge where i = 1, 2 ,..., t mod t. The 
graph thus obtained is called a pseudoladder of order t. 
DEFINITION 2. For the same set of vertices as in Definitoin 1 connect 
vertex Ui t0 Ui+l , Vi t0 z);+l , and Ui to vi by an edge for i = I,2 ,..., t - 1. 
Also connect ut to z~r , tjt to u1 , and ut to L+ by an edge. The graph thus 
obtained is called a crossed ladder of order t. 
Case 1. hi 1 (n/2). 
In this case if vertex v is in one of the ri (=h<) circuits of length mi , then 
vertex v + (n/2) is in the same circuit. Thus it can be easily seen that Gi is a 
582b/23/43-7 
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union of hi isolated crossed ladders of order mJ2. Hence iff h, # h, then G1 
and Gz are not isomorphic. 
Case 2. hi f (n/2). 
In this case if vertex v is in one of the ri circuits of length mi then vertex 
u + (n/2) is not in the same circuit. It is easy to see that Gi is a union of rJ2 
isolated pseudoladders of order mi . Hence iff rr # r2 then G, and G, are not 
isomorphic. 
COROLLARY. kddm’s conjecture is true for cubic Cayley graphs. 
Proof. If (h, , n) = (h, , n) then h, differs from h, by a factor of a unit of 
Z/nZ. Hence (h, , n) = (h, , n) iff Hr and Hz are equivalent. 
4. CONCLUSION 
It has been shown that Adam’s conjecture is true for nondirected cubic 
Cayley graphs. Also, for nondirected quartic Cayley graphs withp” vertices, 
if connection sets consist of units of Z/nZ then Adam’s conjecture is true. 
It is conjectured that for general nondirected Cayley graphs with subsets of U, 
as their connection sets Adam’s conjecture is true. 
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